A generalization of the shape-consistent Relativistic Effective Core Potential (RECP) method is developed for the case of pseudospinors that may have nodes. Both valence and outermost core pseudospinors are included in the Generalized RECP generation procedure. The numerical potentials have been constructed and the calculations of transition energies and some other properties have been made for the atoms Hg through Bi in the jj-coupling scheme in order to study the treatment of relativistic effects in the scope of the two-component Generalized RECP approach. As compared with the other shape-consistent RECP variants, significant improvement is reached when 5s, 5p, and 5d shells are included in the pseudo-valence space.
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I. INTRODUCTION
At present, the shape-consistent Relativistic Effective Core Potential (RECP) method is widely used in the electronic structure calculations of molecules with heavy elements [1] because the number of explicitly treated electrons may be reduced drastically and a welldeveloped technique of nonrelativistic calculations may be used. The relativistic effects on valence electrons are successfully treated by means of the RECP operator which is including some effective spin-orbit interaction.
However, the components of the shape-consistent pseudospinor-based RECP are generated only for nodeless pseudospinors in well-known algorithms. This circumstance leads to some upper limitation on accuracy in calculations with the RECP. It is clear, that inclusion of outer core electrons in the pseudo-valence space (i.e. the space of explicitly treated electrons) is the way to raise accuracy of the calculations and to extend the field of applications. But in the framework of the standard RECP approaches (we call so the "nodeless" RECPs with the standard radially-local operator), attempts to extend the pseudo-valence space more than some limit does not improve accuracy of calculations of the properties caused mainly by the valence electrons. It is demonstrated in the papers [2, 3] and in calculations of atoms Hg, Tl, Pb, and Bi in this work.
In paper [2] , it was shown that the shape-consistent pseudoorbitals used for generation of the ECP might have nodes. Numerical ECP components were constructed for outermost core (nodeless) and valence (with nodes) pseudoorbitals in the nonrelativistic case. Then new terms with projectors on the outermost core pseudoorbitals were added to the conventional semi-local ECP operator. As a result, significant improvement in accuracy of atomic ECP calculations has been reached with the same pseudo-valence space. In the following work [3] , the technique of generation of the Generalized ECP components was considerably advanced and the gaussian approximation of these components for atoms Pd, Ag, and Xe was obtained in order to be used in precise nonrelativistic molecular calculations.
In this work, the Generalized RECP (or GRECP) method for the case of two-component pseudospinors is developed and accuracy of calculations with the GRECP is compared with that of possible variants of the standard RECP. We generated the potentials for the atoms Hg to Bi, whose compounds are of interest in the experimental search for the breakdown of time-reversal invariance [4] . Transition energies and some one-electron matrix elements calculated for those atoms with the numerical both standard and Generalized RECPs are compared with the all-electron Dirac-Fock (DF) calculations in order to study primarily the quality of the Generalized RECP in respect to the treatment of the relativistic effects.
II. SCHEME OF GENERATION
In order to construct Generalized RECP components, we apply the nonrelativistic technique developed in the works [2, 3] that, in its turn, was based on the ECP generation scheme proposed in the works [5] [6] [7] [8] . The two-component spinor's approach for the standard RECP was developed by Lee et al. [9] . For a more complete bibliography, the reader is reffered to the reviews [1] .
The main steps of the procedure including both valence and outermost core electrons in the effective potential generation scheme are:
1. Numerical relativistic calculation of a generator state is implemented for the atom under consideration. For this purpose, we use the program for the DF calculations [10] . As a result, the four-component Dirac spinors with the large P nlj and small Q nlj components are received. In the present scheme of the RECP generation, we neglect the small components because their magnitudes are small enough in the valence region for the required accuracy of calculations (following the approach of Lee et al. [9] ).
2. The numerical large components P nlj (r) of DF outermost core and valence spinors are used for generation of nodeless pseudospinors ϕ oc,lj (r) and pseudospinors with one node ϕ vlj (r) respectively. These pseudospinors satisfy the following conditions:
where L is one more than the highest orbital angular momentum of the inner core spinors; v and oc denote valence and outer core spinors respectively. The leading power γ in the polynomial is typically chosen close to L + 1 in order to insure sufficient ejection of pseudo-valence electrons from the inner core region (that can be interpreted as a way to take the Pauli exclusion principle into account for pseudo-valence electrons in respect to the occupied states of inner core electrons). The coefficients a i are determined by the following requirements:
• ϕ vlj and ϕ oc,lj are orthonormalized,
• f and its first 4 derivatives match P nlj and its derivatives,
• f is a smooth and nodeless function,
• ϕ nlj insure enough smooth shape of the potential.
In practice, the orthogonality requirement of outer core and valence pseudospinors leads to rather singular potentials and should not be strictly satisfied in the stage of potential generation. Some compromise between "the most smooth" and "the most accurate" potentials should be choosen in order to be used in the future molecular calculations.
R c is chosen near such extremum of the spinor that the corresponding pseudospinor has the number of nodes defined above. In practice, the radii R c for the different spinors should be chosen close to each other in order to generate the smooth potentials.
3. Numerical potentials U nlj are derived for each l = 0, . . . , L and j = |l ± | for the valence and outer core pseudospinors so that the ϕ nlj are solutions of the nonrelativistic Hartree-Fock (HF) equations in the jj-coupling scheme for a "pseudoatom" with removed inner core spinors,
Here, Z ic is charge of the inner core, J and K are Coulomb and exchange operators calculated with pseudospinors, ε nlj is one-electron energy of corresponding spinor, and ε n nlj is off-diagonal Lagrange multiplier. In the case of the pseudospinor with node, the potential is singular because zeros of denominator and numerator do not coincide.
As it was demonstrated in the works [2] and [3] , these zeros are close to each other in practice and the most appropriate solution of this problem is an interpolation of the potential in a vicinity of the pseudospinor node. Error in reproducing the oneelectron energy due to such interpolation is small enough (because in a vicinity of the node, the pseudofunctions are small and position of the node is practically not changed in forming the chemical bond) and does not exceed the errors of the RECP approach caused by smoothing the pseudo-valence spinors and approximate treating the interaction with inner core electrons. Then, we write the GRECP as a Hermitian operator in the form
where |ljm j ljm j | is the projector on the two-component spin-angular function χ ljm j , |oc, ljm j oc, ljm j | is the projector onto the outer core pseudospinor
4. The numerical potentials and pseudospinors can be fitted by gaussian functions to be used in calculations of polyatomic systems.
III. RESULTS AND CONCLUSIONS
In order to perform test atomic calculations with the RECPs, a program for the HF atomic numerical calculations in the jj-coupling scheme with the Generalized RECP had been developed. In the program, the RECP components are also treated as numerical functions. Calculations of excitation energies by means of this program together with the all-electron DF calculations give a good test to study the treatment of relativistic effects and other approximations in the scope of different RECP approaches.
The "valence" schemes of the RECP means that only outermost electronic shells with different (lj) were included in generation of the potentials as well as in calculations. In the "ionic" scheme of Hay et al. [8] , the RECP components were generated for outermost core electrons with the use of the configurations for ionic states with removed valence electrons which had the principal quantum number n = 6. The "core" scheme implies that the RECP components are generated only for outer core nodeless pseudospinors similar to the case of the GRECP. In two last cases, both valence and outer core electrons take part in the calculations with the RECP and are affected by the same RECP components. All these schemes are different variants of the standard RECP approach where the operator U contains only the ordinary angular projectors (first line in Eq. (3)) and the potentials are generated for nodeless pseudospinors.
We performed the calculations with the Generalized RECP in two cases for outer core pseudospinors. In the first case, we used 5s 1/2 , 5p 1/2 , and 5p 3/2 outer core pseudospinors as frozen ones. Therefore, the terms with the projectors on these pseudospinors in the GRECP operator were not involved in the calculations and the generation of the potentials only for the unfrozen pseudospinors (i.e. for valence 6s 1/2 , 6p 1/2 , 6p 3/2 pseudospinors with one node and outer core 5d 3/2 , 5d 5/2 nodeless pseudospinors) would be sufficient. In the second series of calculations, 5s 1/2 , 5p 1/2 , and 5p 3/2 pseudospinors were varied functions too.
We also considered other variants of the valence RECP schemes as well as the case of frozen 5d 3/2 and 5d 5/2 pseudospinors, but they are not presented here as the less accurate RECPs.
The transition energies calculated with the effective potentials in the framework of HF approximation for numerical wavefunctions provide a sensitive test on their applicability to molecular calculations (both HF and MC SCF). Note, nevertheless, that some "external" field in the core regions of atoms in a molecule (caused by the reorganization of electronic structure in valence region when forming the chemical bonds) gives additional errors in molecular calculations with the RECP.
In Tables I to VIII , the results of our calculations for atoms Hg through Bi are presented. These Tables compile the numerical 1 for Bi. The spinors involved in SCF iterations are also given in these Tables. The spinors used for the generation of potentials are distinguished by boldface letters. The choice of the pseudo-valence spinors was based on the analysis of average radii for each spinor to avoid large overlapping of removed and simulated spinors and then on the energy analysis for these spinors.
Our results show significant improvement in reproducing the transition energies for the Generalized RECP in comparison with all the tested standard RECP variants (accurate DF energies have been derived from all-electron DF calculations [10] ). This improvement is a result of additional "correcting" terms in the GRECP operator which take into account difference between the effective potentials acting on the valence and outer core electrons (see Fig. 1 ). The most important part of that difference is localized in a small region close to the matching point R c and can be presented with the equation
The difference between outer core and valence potentials can be represented by the following simple reasonings. The valence and virtual spinors have essentially different behaviour in comparison with the outer core spinors (see Fig. 2 ) close to the point of the last extremum for the outer core spinors (it is connected with the orthogonality condition). As a consequence, the valence and outer core spinors with the same angular and total momenta cannot be smoothed (together with their second derivatives!) by the same manner and therefore, the different potentials should be involved for high accuracy of the simulation. At the same time, virtual original spinors have very similar behaviour (scaled only) in respect to the valence spinors in the region of the smoothing and one can use the same potentials for all the smoothed virtual pseudospinors as for the valence ones.
The data in the Tables are divided into the groups according to the occupation number of 6s 1/2 spinor. The excitation of the 6s electron leads to rather appreciable relaxation of the shells of the atom, the energies for transitions with the excitation of 6s electron are generally larger and are worse reproduced in all the variants of calculations with the RECP.
As it may be seen from the Tables, the valence RECP is worse for Hg but somewhat better for Bi than the ionic RECP. The core RECP is close in accuracy to the ionic RECP for Hg and worse for Bi. Reproduction of the splitting of the terms is rather accurate and is not so dispersed for the RECPs with the same pseudo-valence space for Hg, Pb, and Tl, however, the GRECP is essentially better for Bi.
We have also carried out the all-electron DF calculations of the atoms with frozen cores in two cases:
(a) 1s through 4f spinors had been frozen and (b) 5s and 5p spinors in addition to the above spinors (a) had been frozen too in order to investigate the errors of our GRECP calculations in comparison with the correct frozen core calculations. In the case (a), the transition energies coincide with that of the all-electron DF calculations within 0.7 · 10 −5 a.u., but the absolute error in the case (b) is very close to the difference of the errors between the GRECP calculations with frozen and varied 5s and 5p pseudospinors for all the atoms. It means that the errors connected with the freezing and the smoothing are additive here.
Absolute and relative errors of reproduction of matrix elements < r 2 > with the valence pseudospinors are compiled in the Table IX. For the outer core electrons, these errors are close to each other for all the RECPs (relative errors are within 1-2% ).
In the Table X , the values of integrals
for valence electrons are presented which demonstrate deviation of the pseudospinors from the original spinors in the valence region, because R n is the radius of the outermost node for the corresponding spinor. One remark is concerning the Breit corrections which are not included in the present version of the DF program used in this work. The most important relativistic effects are treated by the constructed GRECPs very successfully and because this paper pursues mainly methodical purpose we have neglected by similar corrections here. Breit terms as well as correlation effects in the core region and, probably, some other corrections should be taken into account in the generation of the GRECP before using it in precise molecular calculations but this is a subject of our future work.
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